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Two more classes of monotonic double layers complementing the class of beam-type double 
layers are investigated analytically, and their range of existence is explored in the small 
amplitude limit. One class preferentially exists for hot ions and electron drifts of the order of 
electron thermal velocity. The second one, instead, assumes hot electrons and needs almost 
current-free conditions. The first class, called SEADL, is based on the slow electron acoustic 
branch and exhibits a tuning-fork configuration in the electron phase space. Its density decreases 
with increasing potential. The second one (SIADL) rests on the slow ion acoustic branch and. 
consequently, has a tuning-fork pattern in the ion phase space. Its density increases with the 
potential. Both classes are found to be linearly stable with respect to one-dimensional, but 
unstable with respect to two-dimensional electrostatic perturbations. A comparison with experi-
ments suggests an identification of the second type with the double layers obtained by Hollen-
stein. 

1. Introduction and Summary 

The implications and physical relevance of the 
existence of electrostatic double layers (DLs) are 
twofold: these field conf igurat ions are able to 
accelerate certain groups of particles and simul-
taneously to confine other groups of particles as 
well. Whereas it is mainly the first concept being 
used in astrophysical, terrestrial or labora tory 
plasmas [1 -6 ] . it is the electrostatic conf inement 
aspect that has received interest in fusion research 
[7]; for example, in t andem mirror machines the 
maintainability of potential barr ier against end-loss 
is one of the critical issues. 

To prevent misunderstanding, some words should 
be said at the beginning to the def ini t ion of DLs 
used in this paper. Here, a D L is unders tood by its 
original definition, namely as a monoton ic transi-
tion of the electrostatic potential which connects 
two differently biased asymptot ic plasmas. Such a 
configuration is consistent with a localized dipole-
sheet of space charge surrounded by a f ie ld- f ree 
region. More general def ini t ions include super-
imposed holes and humps , but, as it has been shown 
in [ 8 - 11], these new classes of nonl inear wave solu-
tions can be completely understood in terms of 
asymmetric phase space vortices (holes), and one 
should, therefore, insist on its original, certainly 
more correct definition. We are. hence, not adopt ing 
a preliminary classification of DLs in t roduced by 
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the author [8. 9], and mean, fur ther on, by a D L a 
strictly monotonic transition. The general class of 
DLs, therefore, consists of the former class of 
type-I-DLs which has to be extended by two fu r the r 
branches, as we will see. The type-II-DL and the 
type-III-DL in the old nomenclature are. hence, 
denoted by asymmetric ion holes and by asym-
metric electron holes, respectively, as it has been 
used already in [8, 9] in conjunction with the o ther 
designations. 

The known solution of strong DLs [8. 9. 12] which 
satisfies the requirement of physical d is t r ibut ions 
(i.e. with respect to smoothness and asymptot ic 
behaviour) can be characterized as follows: 

• in addition to the free s t reaming particles there 
must be a well separated beam-type t r apped 
particle distribution in each component , 

• the free particle distr ibutions have to satisfy 
Bohm-like criteria, i.e. the free particles have to 
enter the DL region with a finite velocity, 

• there does not exist a small ampl i tude limit, 
• the asymptotic densities are more or less equal . 

To have a short-hand notation well refer to 
beam-like DL (BDL) or. as one wishes, to Bohm-
like DL. 

In addition, there are different , somet imes non-
physical solutions found in l i terature of mono ton ic 
transitions [11. 13-16] . It was. however, only very 
recently that a fur ther progress could be achieved. 
Based upon the formalism developed by the au thor 
[17], KIM [18] established the existence of two m o r e 
classes of monotonic DLs and presented the first 
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analytic expression fo r a realistic e lectrostat ic D L 
potential. These new solut ions d o have a smal l 
ampl i tude limit and a re related to the hole so lu t ions 
in a similar but not identical way as the a fo re -
mentioned ones. 

The present paper re inforces this po in t of view by 
generalizing the theory and by exploi t ing the 
circumstances under which these new so lu t ions 
exist. Moreover, a s tabi l i ty analysis is p e r f o r m e d 
and a first compar ison with expe r imen t s is m a d e . 

The main results a r e s u m m a r i z e d in Fig. 1 w h e r e 
the three types of D L s are plot ted schemat ica l ly . 
The first co lumn refers to the B D L solu t ion and is 
shown for compar ison . F r o m top to b o t t o m , t h e 
potential, the ion p h a s e space, t he electron p h a s e 
space, and the var ious densit ies a re d rawn. W e 
clearly can dist ingusih the a f o r e m e n t i o n e d p r o p -
erties of this kind of D L : the b e a m type cha rac te r of 
the distr ibutions, the finite dr i f t velocit ies w0 a n d 
t o, and the asymptot ic equal i ty of the densi t ies . 

The second column shows the co r r e spond ing 
quanti t ies of the so-called slow electron acous t ic D L 
(SEADL). First, we realize a huge change in the 
phase space configurat ions. T h e separa t ion be tween 
free and t rapped particles is no longer visible, as the 
separatrix, represented by the dashed line, is com-
pletely dived into the d is t r ibut ion. T h e ion d r i f t is 
essentially reduced, and the electron d r i f t has be-
come smaller too. As the analysis shows, the elec-
tron drif t is basically in t roduced by the r e l a t ionsh ip 
to the slow electron acoust ic m o d e [17, 19]. It's, 
therefore, reasonable to term this kind of D L slow 
electron acoustic DL. W h e r e a s the t r a p p e d ion 
region is filled up complete ly , the e lectron 's 
counterpart is almost empty . T h e few t r a p p e d elec-
trons are located near the separat r ix , i.e. nea r the 
crest of the wave. The electron phase space pa t t e rn 
resembles a tuning-fork. Consequent ly , the total 
density diminishes with increasing (p, the asym-
metry being produced by the large a m o u n t of 

Fig. 1. A schematic plot of the three types of double layers; the first, second, and third column refer to the beam-type, the 
slow electron acoustic type, and the slow ion acoustic type double layer, respectively. The first row shows the electrostatic 
potential, the second and third one the corresponding ion and electron phase space, respectively. The separatrices are 
indicated by dashed lines. In the last row the various densities are drawn as functions of x, the total electron and ion 
densities, ne (solid curve), and (broken curve), respectively, and the densities of free electrons «ef (dotted curve), and 
of free ions «]f (dashed-dotted curve). 



t rapped ions on the low potential , and by a def i -
ciency of t rapped electrons on the high potential 
side. This is also manifest in the density plot 
where the solid (dashed) line represents the total 
electron (ion) density: the dotted (dot ted-dashed) 
line refers to the free electron (ion) contr ibut ion. 
Fur thermore, the ion tempera ture , def ined at 
-Y —> x , is usually higher than the electron temper -
ature which is def ined at .Y - oc. 

The third column shows the slow ion acoustic D L 
(SIADL) and its related quanti t ies. It is just the 
opposite of the previous solution. Electrons and ions 
are simply interchanged if one switches f rom the 
slow electron to the slow ion acoustic DL. The 
tuning-fork conf igurat ion does now appear in the 
ion phase space. 

A finite plasma current turns out to be necessary 
for SEADL. 

More details, including the stability behav iour 
against localized modes, and the experimental 
evidence are found in the corresponding sections. 

We now turn to an explicit evaluation of the 
analysis. 

The Vlasov theory of one-dimensional electro-
static equilibria has been reviewed and developed 
in [8] and the papers cited therein. We. therefore , 
proceed directly to the construction of the cor-
responding equi l ibr ium solutions. In both cases the 
analysis is per formed in the small ampl i tude limit. 
Throughout the paper normalized quant i t ies are 
used. The electron (ion) quant i t ies are normal ized 
by the free electron (ion) quanti t ies at .Y -> - oc 
(.Y —• + x ) . e.g., the electron velocity is normal ized 
by the electron thermal velocity at a region where 
the trapped electrons are absent. 

We first draw our at tention to the slow electron 
acoustic DL (SEADL). 

where the following shor t -hand nota t ion has been 
used 

ae = sgn v , erj = sgn u , 

£e = (v2 -20)12, £j = [u2 -26(1!/- &)]/2 , 

0=Te/Ti. (2) 

vo and uq, respectively, are the dr i f t velocities of the 
streaming (free) particles in the region where the 
trapped particles are absent. The t rapp ing p a r a m -
eters i and ß control the density of t r apped particles 
which are represented by the second inequali t ies in 
(1). Both signs are admit ted for a and ß, the 
negative sign corresponding to a hole in the dis-
tribution function. The potential d r o p is given by 
the normalized quant i ty <//. A is a normal iza t ion 
constant. Both dis t r ibut ions are cont inuous, a 
necessary requisite for a physically acceptable 
theory. They are, fu r the rmore , der ivates of Max-
wellians and reduce to t hem in appropr i a t e limits. 

Performing the velocity integration we get [17] 

ne(0) = exp ( - r5/2) [F(v2
0/2, 0) + T± (ß, 0)], 

/?, ( 0 ) = A exp ( - UQ/2) [F{ul/2, d ( ¥ - 0 ) ) 

+ T±(z,0(y/-0))], (3) 

where F and T± stand for the contr ibut ions of free 
and t rapped particles, respectively, and ± refers to 
the sign of the involved t rapping paramete r . 

They can be written as 

F(vq/2, 0) = exp 0 e r f c ( 0 l / 2 ) + K(vl/2, 0) , (4) 

f 1 12(71 ß)-]/2W[(-ß0)W2], ß^O, 

2. The Slow Electron Acoustic Double Laver , , , , . , r , . r o n , 
where K (.v, v) can be found in [8, 9, 17], and If 

(SEADL) 
-v) 

is Dawson's function. We need the small ampl i tude 

The stationary Vlasov equat ions for electrons and 
ions, respectively, are solved by the following 
ansatz: 

, , , n , _ 1 / 2 ,exp { - | [ C 7 e ( r 2 - 2 0 ) , / 2 - r o ] 2 } , > 0 
/ E ( .Y , v ) = ( 2 n ) { , , 

[exp ( - rg /2) exp [ - ß(v2 - 2 0)/2]; £e ^ 0 , 

exp { - ^ [a, (u2 - 2 0 (<// - 0))1/2 - ;/0]2} ; £, > 0 , 
f\ (.Y, u) = A (2 7r)~1/2 {" r ' V " ' v " (1) 

jexp ( - Wq/2) exp {- i[u — 2 6 {y - 0)]/2) , £ , ^ 0 . 7 



expansion of (3) and (4) which becomes 

F(v2
0/2, 0 ) + T+iß, 0 ) 

- exp (ro/2) { 1 - 4 Z'r ( r 0 / f T ) biß, v0) 0 3 / 2 + | G (r0) 0 2 + • • • J 0 0 <U (5) 

Note that (5) is valid for both signs of ß. In (5) 
Zr(.v) is the real part of the Fr ied-Conte-dispers ion 
function, and biß, v0) is def ined by 

biß, v0) = n~w2(\ — ß — vl) exp(— v 1/2), (6) 

and G( r 0 ) is a monotonic decreasing func t ion of ro 
with G(0) = L a n d 

G(r0) = e x p ( - v 2
0 / 2 ) + 3vö\ kol > 1 • 

Applying (5) to (3) and using the charge 
neutrality condition at infinity, ne= nx = 1 for 0 = 0, 
we get 

ne(0) = 1 - j Z ' r ( r o / / 2 " ) 0 - j b(ß, vo) 0 3 / 2 

+ - ^ G ( r o ) 0 2 + 

0 

(7) 

« , ( 0 ) = 1 Z ' r ( w o / f 2 " ) 0 + - j 6 ( a , «o) 
q2 

• d V 2 [ y / V 2 - i y - 0 ) 3 / 2 ] + y G ( w o ) 0 2 

- 92 {G(UQ) - [ j Z ' r ( u 0 / f T ) ] 2 } 0 V + . . . 

valid for 0 ^ 0 ^ v < 1, and 9y/ < 1. Apparent ly , 
the microscopic details enter in (7) th rough the 
coefficients of the half power expansion in 0 . 

Substituting this expression into Poisson's equa-
tion 

0" = ne-n,, (8) 

we obtain 

0" = A0 + ß,03/2+ B2[y/iU- i v - 0)i/z] 
, 8 F 

+ C , 0 - + C 2 0 v / + . . . = - — 00 

B{ = -±biß,v o ) , 

C, = j [ G ( r o ) - 0 2 G ( K O ) ] , 

C 2 = 0 2 { G ( W o ) - [ 4 Z' r(wo/]/2)]2] . 

3/2 , 3/2i 

where 

(9) 

(10) 

A first relation among these five constants A, B\, 
B2, CI, and C2 is obta ined by applying the second 
charge neutrality condit ion, n e = n̂  at 0 = y/, which 

specifically holds for monotonic DLs: 

0 = A + ( f i , + B2) i//1/2 + (C, + C2)v- (11) 
Multiplication of (9) by 0 ' and integration yields 

the "energy law" 

0 ' ( .v) 2 

+ F ( 0 ) = 0 
z 

with the "classical potent ia l" F ( 0 ) given by 

(12) 

- F ( 0 ) = — 0 + 4 0 5/2 

+ ß 2 {0 y/3/2 - j [i//5/2 - iy/ ~ 0) 5 / 2 ]} 

C, C2 + 0 - H 0 V "F (13) 

In (13) F(0) = 0 has been assumed. 
Vanishing electric field E = — 0 ' at infinity 

implies F(y/) = 0 which reads 

0 = /4 + f [25 , + 3ß 2 ] i / / 1 / 2 + 
2 C i 

+ C 2 v/. (14) 

(14) is usually called the nonl inear dispersion 
relation as it determines the phase velocity of the 
nonlinear wave in terms of its ampl i tude . For 
electron holes where (11) is not assumed, (14) is the 
only decisive condition. The D L solution we are 
looking for has, in addit ion, to satisfy (11) and is, 
therefore, a specialization of the former. 

Solving (11) and (14) in terms of B2, C\, and C 2 , 
we get 

£ , = 5 2 - 4 C V / 2 , 

A =-2B2vU2 + j C, v - C 2 v , (15) 

which are used to reduce the classical potential : 

- F ( 0 ) = B2{v]/2&iv~ 0 ) 

_ 4 k 5 / 2 _ 0 5 / 2 _ ( v , _ 0 ) 5 / 2 ) } 

+ _ 9 _ 0 2 [ ( / / I / 2 _ 0 l / 2 ] 2 ( 1 6 ) 

It is worth to mention that V(0) does not depend 
on the parameter C 2 . 



For convenience, we also write down the first and 
second derivat ive of V(0) 

- V'(0) = B2{y/m- 2y/U20 + <2>372 - ( y / - <P)y2} 
Q 

+ -y-<X> 5(<Z>I//) ! /2+3tf>}, (17) 

- V"(0) = B2{-2y/]/2 + j4>w2 + ± ( v - 0)l/2} 

( 1 8 ) 

This potential un iquely def ines a doub le layer, 
provided that the two equa t ions in (15) and the 
requi rement V < 0 for 0 < 0 < y/, can be satisfied. 

To show this, we first investigate the second 
equat ion in (15). Wi th yj <1 1 the rhs of (15) is small 
and A has to be nearly zero 

~ [9 Z' r(w0 /]/2) + Z'r(v0/Y2)] ~ 0 . (19) 

The funct ion - 4 Z'T(x), plot ted in Fig. 2, is unity 
for .Y = 0, vanishes for x = 0.924, and is negat ive for 
larger values of x. More precisely, it holds 

~jZ'T(x) = 

General ly speaking, a comple te solut ion of (19), 
v o = v o ( 0 , W0), can only be found by numer ica l 
means. However, for the two special cases of 
interest 

i) no ion current in the wave f r ame , i.e. w0 % 0, 
ii) vanishing total current , i.e. w0 = vo, 

one can exploit (19) analytically. Since the electron 
and ion current , respectively, are given [12] by 

je = ' 0 •> j\ — I'Äuq % I'Uo, (21) 

_ I meT[ \1/2 

where r— , the first case implies , u0 ~ 0. 
\ '"i Te J 

and the second one. w0 = r~ l v0 , as a l r eady noted. 
For w0 = 0, (19) becomes 

9 + Z'r(v0/]f2)^0 

which means in view of 9 > 0 tha t r 0 /]f2 has to lie 
in the range where —-j Z ' r ( r 0 / ] / 2 ) is negative, i.e. 
vq/]/2 ^ 0.924. The electrons have to show a f ini te 
drift , and the p lasma is carrying a f ree total current . 
Fur thermore , since — j Z'r(x) has an absolu te mini -
m u m of - 0 . 2 8 5 we get the inequa l i ty 9 < 0.285. 
With other words, in the case of no ion dr i f t — the 
D L is resting in the ion f r a m e — the t empe ra tu r e 
ratio has to satisfy 

7 7 7 ; > 3 . 5 (22) 

(20) 

which is just the oppos i t e range requi red for ion 
acoustic waves (see also next sect ion). If w 0 = 0 is 
released and the ions acqu i re a small dr i f t , the 
situation becomes more f a v o u r a b l e because 

decreases and, the re fo re . 9 f r o m 
(19) can be larger than 0.285 or TJTe smaller than 
3.5. 

In the second case, w0 = r 1 r 0 , which is a ssumed 
to be large, we can m a k e use of (20) and get 

- ( / V m , r ö ) - { z ; ( r q / ^ ) - 0 (23) 

which again has the solution v0 
/] /2 ~ 0.924. This 

case is formal ly achieved by set t ing 9 = 0, or. in 
view of (7), by assuming inf ini te ion mass ( i m m o -
bile ions), Wj = const = 1. 

The latter a s sumpt ion was m a d e in der iving elec-
tron hole equi l ibr ia [9. 16, 20]. As a l ready said, the 
discussion just presented appl ies for electron holes 
as well. With case i) we thus have obta ined an 
extension of the electron hole theory to f ini te 

(x ~ -v0) 

-Y0 
+ ( x - x 0 ) 2 + . . . , x - x 0 < 1 , -V0 = 0.924 , 

1 + — T + - - - F M > 1 • 
2„y \ 2.Y 



plasma currents, at least in concern with the disper-
sion relation, with other words, if the electron hole 
is resting in the ion reference f rame, the t emper -
atures have to satisfy F j / F e > 3 . 5 ; on the o ther 
hand, if there is no plasma current at all, there is no 
such a restriction on F j / F e , and the old electron 
hole theory is valid. 

With respect to DLs the si tuation is d i f ferent : 
DLs do require density variat ions for both species 

(especially if the densities are expected to be 
asymptotically different) and, hence, the case ii) 
does not apply. 

Our preliminary conclusion, therefore , is that the 
main range for DLs of this kind is given by case i). 
Of course, this should be s trengthened (or not) by a 
more detailed, completed analysis which includes a 
numerical evaluation of (12), (15) and (16). 

We now prove the existence of solutions. Since 
(16) is rather complicated we consider two special 
cases. 

a) B2 < C, y/U 2 . 

This inequality applies for a % 1, and w0 ~ 0 
namely, case i), the only case we have to consider 
here. In this case the first term in ( 1 5 ) - ( 1 8 ) can be 
dropped, and V < 0 in (16) or V" (<Z>) < 0 at 0 = 0, 
and 0 = yj implies C\ > 0. The nonl inear dispersion 
relation, A = j C\ y/ (note that C2 ~ 0) is solved in 
the limit 0 < 1 by 

ro = 1.305 [1 + 6 — (2 C\/3) y/]. (24) 

Both expressions show that this kind of D L is based 
upon the slow electron acoustic m o d e [17, 19] (as 
the electron hole is), and this is why it is t e rmed 
after that. 

The electrostatic potential , obta ined by solving 
(12) with F given by 

-V(0) = -jC]02[y/w2-0U2]2 (25) 

then reads [18]: 

0 ( . v ) = - ^ [ l + t a n h x . v ] 2 , • (26) 

The first condition in (15), 5 , % - | C, y/w2, 
together with Cj > 0, and with v0 given by (24) or 
(25), respectively, implies 

ß has to be sufficiently negative, corresponding to a 
trapped electron region which is excavated. It's not 
surprising that the same condition holds for electron 
holes, too, where the electron distr ibut ion has to be 
of vortex-type [9. 16, 20]. Here, the electron phase 
space configuration resembles a tuning fork, as 
indicated in Figure 1 b. 

We further note that the density which is unity at 
y/ = 0, decreases with increasing 0 , as seen f rom (7), 
for example, in the limit uq = 0 when nx becomes 
/7j(<Z>) ~ 1 - 00 + .... Hence, a potential increase is 
accompanied by a density decrease, as indicated in 
Figure 1 b. 

b) B2 > C, y/u2. 

Now we drop the second term in ( 1 5 ) - ( 1 8 ) . T h e 
necessary condition becomes B2 < 0. The nonl inear 
dispersion relation can be solved as before , and we 
get(case i)) 

r 0 = 1.305 ( l + 0 + 2 5 2 / i Ö , (28) 

where 0 1 is assumed. B2 = B i < 0 f rom (15) 
implies that / ? < — 0 . 7 1 , and that i < 1, indicat ing 
that the same trapped particle configurat ions are 
involved. The inequality b) is satisfied if ß is suff i -
ciently negative and 0 ~ 0 (y/1/4). 

In case b), however, 0 (.Y) cannot be expressed 
analytically and can be obtained by a numer ica l 
treatment of (12) only. 

If neither a) nor b) hold the general expressions, 
(15) and (16) have to be used, and the solution is 
gain obtainable by numerical means only. 

In summary, this type of D L is based on the slow 
electron acoustic mode and requires a tuning fork-
type electron phase space configurat ion. The restric-
tions on the ions are less severe as far as the dr i f t 
and the trapping parameter are involved. The ion 
temperature, however, has to be sufficiently hot. 

3. The Slow Ion Acoustic Double Layer (SIADL) 

The analysis for the second type of weak mono-
tonic transitions is facilitated by shif t ing the 
potential 0 -* 0 - (//. The reason for this shift is, 
that it is then again the limit 0 -*• 0 for which the 
trapped particle component of the relevant species 
(this time the ion species) vanishes; 0 = 0 is the 
maximum, and it holds - y/ ^ 0 ^ 0, as indicated in 
Figure 1 c. 



The dis t r ibut ions are accordingly given by 

exp { - j [ae ( r 2 - 2 ( 0 + y,))1/2 - v0]2} , £e > 0 , 

exp ( - i 'q/2) exp [— ß{v2-2(& + y/))/2], ee ^ 0 , 

exp 

/e(.Y, r) = A (2n) -1/2 

2 w p p , 4[C7 i(M
2 + 2 0 0 ) 1 / 2 - u o ] 2 } , « > 0 , 

A , W j exp ( - mq/2) exp [ - a (u2 + 2 0 0 ) / 2 ] , £ i ^ 0 , 
(29) 

where a ] and 0 are def ined as before , and £e 

and £j, respectively, are redef ined by 

ee = [ r 2 - 2 ( 0 + t / / ) ] / 2 , £i = (M2 + 2 6 > 0 ) / 2 . (30) 

The densities become 

ne({P) = i e x p ( - vl/2) [F{vV2, 0 + y/) 

+ T± (ß, 0 + v)], 

>?i ( 0 ) = exp ( - UQ/2) [F{uV2, - 0 0 ) 

+ 7 + (a, — 0 0 ) ] (31) 

which by using (4) and (5), and by apply ing the 
normalizat ion ne=rt\=\ at 0 = 0, reduce in the 
small ampl i tude l imit to 

B e W = l - i Z f ( r o / f 2 ) 0 

+ ±b(ß,v0)[ys3/2-(d> + ys)y2] 

+ y { G ( t o ) ( 0 + 2v/) 

- 4 [ Z ' r ( r 0 / f T ) ] 2 < / / } + . . . , 

» , ( 0 ) = l + 4 Z r ( " o / 2 ) 0 - i / o ) ( - 0 0 ) 

+ 4 C ( w o ) ( 0 0 ) 2 + . . . • 

3/2 

(32) 

Substi tuting these expressions into 

0 " = ne — nx = - F (0 ) 

we get 

- K ' ( 0 ) = /4 0 - ß , [ t / / 3 / 2 - (i// + 0 ) 3 / 2 ] (33) 

- ß 2 ( - 0 ) 3 / 2 + C , 0 2 + C 3 0 < / / , 

where A. ß , . ß 2 . and C | are def ined as be fo re . (10), 
and C 3 is given by 

C 3 = G ( r 0 ) - [ T z ' r ( ' o / f T ) ] 2 . (34) 

The boundary condi t ion. V ( - y/) = 0. gives 

0 = A + (Bi + B2)yyw2-C]y/+C3y/, (35) 

and the integrat ion of (33) results in 

V{0) = — 0 2 - Bx [ 0 y?'2 + j - (<// + 0) 5 / 2 ]} 

+ 4 ß 2 ( - 0 ) 5 / 2 + 0 3 + y,, (36) 

where again V(0) = 0 is assumed. The nonl inear 
dispersion relat ion, V(- y/) = 0, reads 

0 = /J + 4 [ 2 ß : + 3 ß , ] y / l / 2 - 4 C, y/+ C3y/. (37) 

A compar ison of (35) and (37) with (11) and (14) 
shows that s imply B\ and B2 a re in te rchanged , tha t 
C, changes the sign, and that C2 is replaced by C 3 . 
The discussion is, therefore , comple te ly ana logous 
to the previous section and can be shor tened 
appreciably. Expressing A and B2 by Bi, C\ and C 3 , 
we obtain 

1 / 2 

A = - 2 ß , y / , / 2 - ( 4 c , + C3)<//. (38) 

Note that the first equa t ions in (15) and (38) are 
equal. By insertion of these quant i t i es into (36) we 
find 

- F ( 0 ) = £ , { - 0 < / / I / 2 ( < / / + 0 ) 
- 4 k 5 / 2 _ ( _ 0 ) 5 / 2 

C, 

(y /+ 0 ) 5 / 2 ] 

(39) 

(39) equals (16) if the rep lacement ( £ , , C\, 0 ) -»• 
( B 2 , — C], - 0 ) is made . T h e in te rchange of B\ and 
B2 means that the species are in terchanged. This 
implies that this kind of D L is subject to the 
following inequal i t ies 

Te/T]>3.5, z < 0 . 7 1 , (40) 

noting that only the case r 0 ^ 0 is left over because 
case i) r 0 = 0 (electron rest f r a m e ) and case ii) 
ro = ruo ^ 0 (no total current) merge for this DL. 



The electrons must be sufficiently hot, and the 
trapped ion region has to be excavated as it holds 
for ion holes [9, 16, 21]. This type of DL is, there-
fore, a descendant of ion holes. 

If the second term in (39) dominates , the solution 
is given by [18] 

0 ( A ) = — — [1 + tanh xx]2 C i y/ 
24 

1/2 

u0 = 1.305 1 + 0~] + 
2 C , 

30 
(41) 

where the latter assumes 9 > 1 and represents the 
nonlinear version of the slow ion acoustic m o d e 
[17, 19,21], 

In the limit <t> - yj we get f rom (32) 

ne(-yy)^ 1 - y/+ ... , (42) 

which shows that the density decreases with de-
creasing 0 . Hence, this DL is correctly illustrated in 
Figure 1 c. 

To sum up, this type of DL is based on the slow 
ion acoustic mode, and the ions necessarily have to 
acquire a tuning-fork configuration. It exists for 
sufficiently hot electrons like ion acoustic modes. 

4. Stability of Weak Double Layers 

In this section we are concerned with a l inear 
stability analysis of the DL equil ibria derived in the 
previous sections. Due to the lack of an energy 
principle (see below), a normal m o d e analysis is 
invoked. We shall first discuss the usual pe r tu rba-
tion approach for longitudinal modes in the 
asymptotic region, and then per fo rm a two-dimen-
sional analysis with respect to localized electrostatic 
modes. 

a) Asymptotic stability analysis 

DLs do have the unique feature of being non-
linear and of providing a non-trivial homogeneous 
plasma state in both asymptotic regions \x oo. 
This means that in these regions s tandard pe r tu rba-
tion theory can be applied [14], The discussion is 
fur ther simplified if we restrict the analysis to that 
asymptotic region of each DL in which a two-
stream situation prevails namely x - » - oo for 
SEADL, and .r -> + oc for SIADL. In this region 
the two prongs of the tuning-fork dis tr ibut ion are 

united and form together with the second species a 
double hump, Maxwell ian situation. This means 
that Stringer's results can be appl ied directly to 
these regions [22], For SEADL we get in the low 
potential region, assuming the typical parameters 
w0 = 0, a = l , F , / r e > 10, and using Fig. 2 of 
reference [22], a critical dr i f t velocity v* ~ 3 for the 
onset of instability. The actual value of r 0 , given by 
(24), however, is r 0 ~ 1-44 which implies stability. 
Similarly, for SIADL in the high potential region, 
assuming v0 = 0, ß=\, Te/Tt^ 10 (100), we get 
W(5=6.8 (3.4) as the critical drif t velocity, whereas 
u0 is actually given by (41) and becomes w0 ~ 1.44 
(1.32), which again implies stability. 

For the remaining two regions the dis t r ibut ions 
are mul t ip le-humped, and the analysis becomes 
more intricate asking, in generality, for a Nyquis t 
technique. We haven' t per formed such kind of 
analysis as we don' t expect drastic changes in the 
stability behaviour by going f rom the one to the 
other asymptotic region. This expectat ion is sup-
ported by the next subsection in which the DL's 
stability with respect to one-dimensional electro-
static per turbat ions is proven within certain limits. 

On the other hand, numerical and exper imental 
observations [23-31] , where usually higher ampl i -
tudes of the DL's are involved, do show non-
negligible wave activities in both asymptot ic 
regions, indicating instability there. We, therefore , 
expect a change of the stability behaviour for finite 
amplitudes ^ = 0 (1). In this regime where other 
stability theories fail, including the one we'll present 
now, the asymptotic normal mode analysis will 
prove to be a useful method as it is by far the 
simplest one. 

On the other hand, experiments show that the 
noise is peaked in the D L region, i.e. in the region 
where the transition occurs, and, fu r the rmore , the 
modes are found to propaga te with a finite angle 
with respet to the .v-direction. Both suggest a two-
dimensional analysis based on localized modes. 

b) Two-dimensional analysis of localized 
electrostatic modes 

We want to solve the two-dimensional Vlasov-
Poisson system 

[ 6 , + v • V + V 0 • 8 v ] / e = 0 , 

[0, + if- V - Ö V 0 • Su] / i = 0 , 



A(P = ne - n\, 

bv making the fol lowing ansatz 

f t = F0e (.X, Vx, Vy) , + / i e (.v, v, Vx, Vy, t) , 

F = F 0 / ( A , M . X , M V ) , + / W ( . V , V , M . X , / ) , 

0 = 0 o ( A ) + 0 , ( X , >>,/). (45) 

Here, subscript 0 denotes the e q u i l i b r i u m q u a n -
tities, i.e. <PQ(A) is the D L potent ial of the p rev ious 
sections and 
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(44) 

foe = / ) e (*, Vx) (2 7l) 1/2 exp ( - £ ± ) (46) 

is the electron equ i l ib r ium d is t r ibu t ion func t ion 
extended into the two-d imens iona l velocity space, 
£_i_ = v2 /2 represent ing the p e r p e n d i c u l a r un-
per turbed energy. A s imilar expression holds for the 
ions, and v (u) is now denoted by vx(ux), re-
spectively. 

It is worth noticing that this ansatz does not fi t 
into the l imited class of d is t r ibu t ions which a re 
isotropic in velocity space, i.e. which d e p e n d on 
the unper turbed two-dimens ional H a m i l t o n i a n 

Ho = j (vl + V2
v) - 00 (x) = £|| + £j_ 

for electrons, and 

Hq= j (ul + uj) + 00 0 (x) = £ + £ 1 

for ions, r e spec t ive ly , 

where for simplici ty the subscript j in £ ( £ j _ j ) , 

j = i, e has been d ropped . 
Variational pr inciples [ 3 2 - 3 4 ] , for example , 

being based on the assumpt ion of isotropy, would 
not apply here. In fact, one can add i t iona l ly show 
that this restricted class of d i s t r ibu t ions does not 
allow any bounded electrostatic solut ion at all, so 
that this class of equ i l ib r ium solut ions is e m p t y 
indeed. 

The proof is s imple and can be wri t ten in two 
lines: With such restricted d is t r ibut ions , Poisson 's 
equat ion becomes 

0'o(.Y) = 27t j d / / 0 / 0 e ( / / 0 ) 
-<t> 0 

j d / / o / o , ( / / o ) 
00 0 

= — V (0o) , 

f rom which 

- V"(0O) = 2it[,/oe(-0o) + 0/oi(00o)]^O, 

(47) 

(48) 

follows. The classical potent ial has a non-posi t ive 
curvature everywhere, and consequently 0O(A) can-
not be bounded . 

Nontr ivial , bounded one-dimensional , electro-
static solutions can. hence, only be ob ta ined by a 
broader class of d is t r ibut ions like the one we have 
used here. 

A Four ie r ansatz is now made for pe r tu rba t ions 
in the homogeneous y and t directions.e.g. 
01 (A, V, /) ~ exp {i(ky — co/)}, where k denotes the 
perpendicular wave number . Im co > 0 represents 
growth of the per turbat ions . 

Linearizing (43) with respect to the pe r tu rbed 
quant i t ies we obtain 

[ - i We + £ e ] / i e = - [9. F 0 e £ e + ikvydE± F O e ] 0 1 , 
(49) 

[ - / cb\ + Li] / , i = + [0C F o i I , + i k Uy Fo i] 0 0, , 

where 

coe = co — k v y, 

cbi = co — k Uy, (50) 

represents the doppler - sh i f ted f requencies and 

Le - vxdx + 0'o(x) ar,, 

Li = ux S.v - 0 0 Q ( A ) dUx, (51) 

are the unper turbed Vlasov- or Liouvil le-operators . 
The t ransformat ion [35. 36] 

ge=f|e + ö , F 0 e 0 i , 

9, — f\i ~ 0« Foi90i, (52) 

casts the system (49) into 

[- icoe 4- Le] ge = - i [we + k vy ö £ ± ] F 0 e 01 , 

[— itb\ + Lj] g\ = + / [ & i 9 c + kuydej F0l 90\, (53) 

and Poisson's equat ion becomes 

A0\ = \ ged2v — \g\d2u, (54) 

where the field opera tor A [36] is def ined by 

A = 0 2 - k2 + j d 2 r 0 , F 0 e + 0 j d 2u d, F o i , 

= 0 2 - A 2 - « ' O e ( 0 o ) + " o i ( 0 o ) , 

= 0 2 - A ' 2 + V" ( 0 O ) . (55) 

Prime means differentiat ion with respect to 0o , and 
F (0 O ) is again the classical potential . 

The l inear system (53) is solvable by the me thod 
of characteristics and a part ial integration t echn ique 



assuming no contr ibut ions at infini ty, -*• 0 for .v —• oo, can be used to write down the solut ions 
[37] as 

9e = 

9\ = 

0 , + — 6 
(Oe 

e± f~0e i 1 — l .x 9j 
ft)» 

kUy ^ i 
"1 0£_L 

ft)i 
F 0 i \ - — ux e.x "1 0£_L 

ft)i OO j 

1 - — r , 0 , ( l - . . . ) 
(OP 

1 mx6.x(1 — . . . ) 
CO; 

0 , 

0 , • (56) 

(56) can also be obta ined directly by Tay lo r e x p a n d i n g the f o r m a l so lu t ions of (53). Subs t i tu t ing gt and 
g\ into (54) we get [ 3 8 - 4 0 ] 

( A ) - j d 2 R 

- j d 2 . 

0« i+ 

0i.i + 

kVy 

We 

k Uy 

ft)j 
e± 

Foe 

Foi 

i V x a 1 2 * 2 , — 0.V- T T vi 0 . x + . . . 
(Oe cot 

I w x i ~ 

(O i CO f 

which is abbreviated by 

CO, A:) 0 , ( X ) = 0 . (58) 

Equat ion (58) represents together wi th a p p r o p r i a t e 
boundary condit ions an i nhomogeneous e igenva lue 
problem with eigenvalue co and e igen func t ion 
(normal mode) 0 , (A) for a given k. 

In a for thcoming pape r [41] it will be shown tha t 
the infinite order d i f ferent ia l ope ra to r K(x, co, k) is 
self-adjoint for the class of small a m p l i t u d e , local-
ized Vlasov equil ibria . A s imilar p roof , restr icted to 
a standing wave pat tern where no par t ic le d r i f t s a re 
involved, has been given by [40]. 

Self-adjointness impl ies that the e r ror in the 
eigenvalue öco = co — co is second o rde r in Ö, w h e r e Ö 
is a smallness quant i ty , <5^1 , p rov ided tha t the 
di f ference between an exact normal m o d e 0 , and an 
approx imate solution 0 , can be charac te r ized by Ö 
[40]. Here co and the test funct ion 0 ) a p p r o x i m a t e l y 
satisfy (58): K{x, 0. 

The test function we are choosing is an e igensolu-
tion of the field opera to r A be ing de f ined by the 
following Schrödinger e igenvalue p r o b l e m [34, 35], 

Arj„ = - (/„ + k2) Y]n . (59) 

Making use of the explicit fo rm of 0 o ( v) given by 
(26), and of F " ( 0 O ) given by (18) and ana logous ly 
for SIADL, the potential U(A) in the Schröd inge r 
opera tor A becomes 

U(x) = -V"(<P0) 

C] v 
[tanh (x A) -

J J_ 
"48~ 

(60) 

0 1 = 0 , (57) 

where ( = T h e func t ion u (£) given by one half 
of the curled bracket in (60), is shown in F igure 3. It 
resembles a sof t -core nuclear potent ia l and possesses 
one bound-s ta te given by /.Q = 0 ( indicated by the 
heavily d rawn line in F igure 3). 

The cor responding e igenfunc t ion rj0(x) becomes 

7o(x) ~ cosh 2 ( x x ) [tanh (x.v) + 1]. (61) 

It is shown to be propor t iona l to 0 o ( v ) and, there-
fore, represents the t ranslat ional m o d e of system 
being obta ined by an inf in i tes imal u n i f o r m dis-
placement of the original equ i l i b r ium which is 
recovered in ( 4 9 ) - ( 5 3 ) by setting k = co = ge = gj = 0. 

Next we replace 01 in (57) by <P\ = rjo(x) and 
pe r fo rm the scalar p roduc t in the space of squa re -
integrable funct ions by mul t ip l ica t ion of (57) wi th 
R]O (A) and integrat ion over A. 

-Q2 
Fig. 3. The normalized Schrödinger-potential u (£) as a 
function of q = xx. It possesses one bound state at zero 
energy. 



The result represents the dispers ion re la t ion or, more precisely, an a p p r o x i m a t i o n to that , and can be 
written [41] as 

k1 A\ + Ai+ YJ ( - 1 )nC2n {/2"(C, t'o) + I2" (C, t-o) + 0[/2i"(C, "o) + I2" (C, «<>)]} = 0 (62) 

with the following def in i t ions 
+ OC ĵn +OC 

c„ = j d.v t]0(x) — ri0(x)= j dxrj0(x) ^ ( x ) , 
- oo OA" _ oq 

+ 00 
A, = J d . v //O(.Y) [ j d 2 R dc F0e 

-00 
+ 0jd2u Ö £ I | F O I ] rjo(.Y) 

+ 00 

= J dxrjoix) V"((p0(x)) rio(x), 
-•oo 
+ 00 

A2 = j d.Y rjo(x) J d 2 r 8 e ± F 0 e 
toe 

+ 0 6 e . F 0 i 
CO! 

m (-*) 

(63) 

= 1 + H'2, M^=3 + 6w2+W\ 

CO 

where C = y ^ ^ > Z ( Q is the p lasma dispers ion 

funct ion [20] and 
(m; d; v) = m (m -I- d) {m + 2d)... (m + (v — 1) d) *. 

7"(C, wo) and 7±(C, w0) s t emming f rom the ions are 
def ined analogously. T h e first te rms in (63), using 
(61) and (25), read 

64 4 8 - 4 
K\ A, = K,( 64) 

35 3 5 - 3 ; 

where 

K=^cx y//24 . 

Retaining the n = 1 term in the series of (62) only, 
we get as a first app rox ima t ion to the dispersion 
relation 

k2{k2+ 1 +a + 0)-a(vö+ u%) 

= CZ(0 j y [ ( l + 0 ) + 3 ( r § + 0 M 6 ) ] - k2(\ +d)-at2[\+v2
0+9(\ + n§)]j 

-aC2[ 1 +vl + 0(l + W 5 ) ] , 

where a = 4 K2= C\ y//2\, and use has been m a d e o f Z ' ( 0 = — 2 [ 1 + c Z ( Q ] . 

(65) 

II (C, i-o) = J d 2 r A ^ T 1 0 e ± Foe +0(v) 
CO p 

= M 0 ) ( t ' o ) — + 

M„ = j dr.v i" Jo (A-, vx) = M 0 ) + 0 ( y ) , 

Q n = ( 2 ^ ) - 1 / 2 J d r v
e X P ( _ r ' / 2 ) 

( - D " 

(Of 

( « - D ! 
(]/2k)~n Z ( " _ 1 ) ( 0 , « ^ 2 , 

In the limit w0 = 0, 1 (t'o = 1.305), one re-
covers the same expression than the one derived for 
electron holes [37]: 

k2(k2+ 1 +a)-avl 

= (Z(0 

-aC2( 1 + r g ) . 

-y(\+3v2
0)-k2-at2(\+v2

0) 

(66) 

* Gröbner-Hofreiter, Integraltafel, Springer-Verlag. 
Wien 1961. 



Its evaluation shows that there exists an unstable 
branch of purely growing modes: 

Re co = 0 , Im co > 0 for 0 < k ^ kc = au2 v0. 

These are two-dimensional modes whose typical 
transverse wavelength is comparab le with the scale 
length of the inhomogeneity. The growth rate y, 
being normalized by cope, scales with i//1/4, the one-
fourth power of the potential j ump . Hence, the 
stronger the DL the faster the instability will arise. 
There is no instability in one dimension, k — 0. 

Our conclusion, therefore, is that within the 
assumed approximat ions weak DL's are transversal 
unstable with respect to electrostatic modes that are 
local in .Y. It is, however, unclear yet how these 
results will be modif ied by taking into account 
more, or better all terms in the series of (62), a 
question which needs fur ther investigations. 

Nevertheless, formula (62) provides the first well-
founded approximat ion to a (unknown) dispers ion 
relation of linearized modes in the presence of weak 
DL equilibria. 

5. Comparisons with Experiments — Conclusions 

We are going to terminate this paper with a brief 
discussion. The question we want to discuss is 
whether or not these theoretical results can be 
applied experimentally. 

For this reason we first summar ize the ma in 
chracteristic properties of the two new D L s by 
pointing out especially their range of validity. 

First of all, the assumption of small ampl i tudes 
was made. Although it would be very surpris ing if 
these two new classes could not be extended into the 
finite ampl i tude regime, we should not forget this 
limitation. It is possible that with increasing y/ the 
properties experience modif icat ions which are not 
foreseeable. Nevertheless, by extrapolat ing the 
results into the finite ampl i tude regime, where the 
experiments are being placed, we are able to m a k e 
comparisons. 

These comparisons are facilitated by the fact that 
several properties can be formulated already on the 
macroscopic level, as there are: 

• the drop (SEADL) or increase (SIADL) of the 
density with increasing potential, 

• the requirement of non-isothermal condit ions: 
Fi > Fe (SEADL) and Fe > F, (SIADL), 

• enhanced noise in the D L region with finite k ± , 
• the need of a current for SEADL ( r 0 ~ 1 ->• 

'"De ~ i'the)-* and of almost current-free condit ions 
for SIADL (uq ~ 1 • vDi % r t h i) , 

• neither the Böhm- nor the Langmuir condit ion 
have to be satisfied for both DLs. 

Microscopically, the most salient features are: 

• the tuning-fork-l ike phase-space configurat ion of 
electrons (SEADL) and of ions (SIADL), 

• a strong component of t rapped ions (SEADL) and 
of t rapped electrons (SIADL), consistent with 

• Maxwellian-like ion dis tr ibut ions for SEADL and 
Maxwellian-like electron distr ibutions for SIADL 
in the entire region. 

A look into the exper imental (and numerica l ) 
literature shows that the vast major i ty of measured 
DLs neither belong to the class of SEADLs nor to 
the class of SIADLs. They usually satisfy Bohm-
criteria, have dr i f t ing particles well separated f rom 
trapped particles in each species, join equal dense 
asymptotic plasmas, seem to be ra ther insensitive to 
the tempera ture ratio, and are found under strong 
current conditions, all a t t r ibutes of the strong beam-
type DL (see [21] for a fu r ther discussion). 

There seem to be only two exceptions point ing at 
the experimental evidence of the extended class of 
weak double layers, a ra ther vague one for the 
SEADL and stronger one for the SIADL. 

The double layer found in magnet ic reconnection 
experiments [29, 42] carries some characterist ic 
labels of the SEADL: It establishes only dur ing 
current disruption indicating reduced current condi-
tions. The density is greatly 50 percent) reduced 
on the high potential side. The electron dis t r ibut ion 
function exhibits two h u m p s on the high potential 
side, which are only slightly separated, whereas a 
second h u m p seems to be absent for ions on the low 
potential side. Plasma wave emission generated by 
beam-plasma instabilities may account for the 
partial relaxation of the electron dis t r ibut ion in 
comparison with the tuning-fork configurat ion as 
required f rom the theory of SEADLs. 

More convincing is the second example. Hollen-
stein [30] investigated in detail turbulent potential 
structures in a long triple plasma device. By 
application of a pulsed voltage to the biasing grid 
he was able to record in space and t ime the 
evolution and subsequent format ion of one or more 



double layers. The tempera ture ratio in this experi-
ment was 0=TJT\= 10 > 3.5, and the electron 
drift was found to be as low as r d ^ 0 . 2 r t h e , so 
that the Böhm criterion was certainly violated. 
A remarkable depression of the density on the low 
potential side was observed. The turbulence as-
sociated with and induced by the potential s t ructure 
was found to be dominated by low f requency 
turbulence (co < copi/4), having a propagat ing angle 
with respect to the electron dr i f t of 90° . It was 
located in the structure on the low potential side. 
There is, hence, a striking similari ty to our ana-
lytical results according to which nearly zero fre-
quency modes with finite k L should be excited 
within the double layer structure. It is f u r t h e r m o r e 
interesting to experience that a l though the f luc tua-
tion level, including the high f requency compo-
nents, was relatively high, 10~3 ^ (dn/ri)2 ^ 0.1, it 
did not suppress or destroy the dc -DL structure. 

The distribution functions were obta ined for both 
species. Maxwellian-shaped velocity distributions for 
the electrons were found in the direction of the 
drift. A plot o f / e in the z - / .v - t) space (Fig. 4 
of [30]) shows at r ^ 100 us, and z % 40 cm 
where the j u m p established clearly an accelerat ion 
and subsequent cooling of the dr i f t ing electrons. 
The distribution is single h u m p e d everywhere. 
Theoretically, we would describe this s i tuat ion by 
setting r 0 > 0 and ß < 1. More spectacular , however . 

is the ion distr ibution function. It is seen to have 
split into a two-humped distr ibution on the low, 
and exhibits a Maxwellian-type pat tern on the high 
potential side. Fur ther downstream (<£ —• 0) the two 
humps flatten and merge, releasing obviously their 
energy to the enhanced noise. We are, thus, a lmost 
automatically led to interprete this s tructure in the 
sense of a tuning-fork configurat ion in the ion phase 
space and hence, the whole potential as belonging to 
the class of SIADLs. 

Finally, in an earlier investigation [25] it was 
noticed that this potential structure only occurred in 
the low or almost zero current limit (case I in [25]). 
If a finite current was drawn through the p lasma 
(case II) no potential j u m p did arise. 

We may, therefore, conclude af ter all that Hollen-
stein's experiment is the first manifes ta t ion of slow 
ion acoustic double layers (SIADL). More generally, 
we may state that it somet imes makes sense to apply 
a laminar theory to cases which, at a first glance, 
appear to be turbulent . The super- imposed ordered 
motion and the large amount of energy associated 
with introduce and represent a certain degree of 
persistence in the nonlinear structure with respect to 
the destructive effect of fluctuations. The gross 
coherent features are maintained in such situations. 
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